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Abstract
For a set F of small categories, F-conservative cocompletions of a category are cocompletions
preserving all existing colimits of type F. We prove that every category has a free F-conservative
cocompletion. However, unless F is trivial, this cocompletion fails in general to be locally small.
c© 2002 Elsevier Science B.V. All rights reserved.
MSC: 18A35; 18A40
1. Introduction
Our paper is devoted to a classical topic of category theory: free (co)completions.
It has already been observed by Lambek [8] that every small category A has a free
cocompletion, viz., the Yoneda embedding YA into the presheaf category [Aop;Set].
Often one wants to work with cocompletions preserving existing colimits, or at least
existing colimits of a certain type F (where F is a set of diagram schemes). We
then speak about F-conservative cocompletions. Every small category A has a free
F-conservative cocompletion, i.e., a full embedding E :A→A∗ with A∗ cocomplete,
which is F-cocontinuous (i.e., preserves all existing F-colimits in A) and such that
any other F-cocontinuous functor from A to a cocomplete category has an essentially
unique extension to A∗.
In fact, Kelly has shown (see 6.23 in [7]) that A∗ can be described for every small
category A as follows: embed A into the category [Aop;Set]Fop of all presheaves
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preserving all limits of types dual to members of F. To obtain A∗, close A in
[Aop;Set]Fop under all small colimits.
Now, for large categories the situation is more complicated. A free cocompletion
exists, and is formed by the category of all small presheaves (i.e., small colimits of
hom-functors) in [Aop;Set]. Does a free conservative cocompletion of every category
exist? The answer depends on what we understand under a “category”: in the realm of
locally small categories the answer is negative.
In fact, even if instead of all colimits we work with F-colimits for surprisingly
restricted choices F of small categories, we Lnd negative examples. We consider the
following problem:
(∗) Does every category A have a free F-conservative cocompletion?
Trnkov&a has presented in [10] an example of a locally small category A whose free
Lnite-coproduct-conservative cocompletion fails to exist (as a locally small category).
Here is a much simpler example with F = coequalizers.
Example 1. A locally small category X whose free coequalizer-conservative cocom-
pletion is not locally small.
X is the free category on the following graph:
Xi
pi−−−−→−−−−
qi
Yi
ti−−−→ Z
ui

 vi
X
p−−−−→−−−−
q
Y (i ∈ I)
modulo the equations
ti · pi = ti · qi and p · ui = vi · pi; q · ui = vi · qi
for all i ∈ I , where I is large. A free coequalizer-conservative cocompletion X∗ pre-
serves the coequalizer ti of pi and qi, and it adds a coequalizer t∗ of p and q:
Xi
pi−−−−→−−−−
qi
Yi
ti−−−→ Z
ui

 vi
 v∗i
X
p−−−−→−−−−
q
Y −−−→
t∗
Z∗
For each i there is (since t∗ · vi merges pi; qi) a unique v∗i :Z → Z∗ making the
above square commutative—and it is quite easy to prove that v∗i are pairwise distinct
morphisms—see part E of the proof of Theorem 21 below.
Thus, X∗(Z; Z∗) is large.
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In fact, we prove that the answer to (∗) in the realm of locally small categories is
always negative, except in the trivial case when all nonempty members D of F yield
absolute colimits (Theorem 21).
This motivates our approach in the present paper: we work with categories not insist-
ing on local smallness. We then prove that every category A has a free F-conservative
cocompletion A∗ and we present a natural suOcient condition for the local smallness
of A∗: for every object of A there should exist only a small set of morphisms into
the colimit objects of the colimits to be preserved.
The price we pay for this approach is that the Yoneda embedding (which plays a
central roˆle in the realm) does not have values in the presheaf category of Set-valued
functors, but it takes values in the category of presheaves in some higher universe.
Thus, beside the universe of small sets, we have to work with higher universes as well.
In fact, only one universe U1 containing the universe of small sets is suOcient, i.e.,
every (not necessarily locally small) category has a free F-conservative cocompletion
with hom-sets in U1. However, one higher universe U2 will be needed to prove this
result.
We can consider a more general situation: let F and C be two classes of small cate-
gories (no side conditions!). Then every category has a free F-conservative C-cocom-
pletion. In fact, for a small category A, this cocompletion can be described as the
closure of A under C-colimits in the above category [Aop;Set]Fop . There are important
examples where a choice F = C is natural, e.g., locally Lnitely presentable categories
are precisely the (Lnite-colimit)-conservative (Lltered-colimit)-cocompletions of small,
Lnitely cocomplete categories.
All results presented in our paper allow a generalization to weighted colimits in
the enriched context, and to F-conservative cocompletions for a set F of cocones in
the given category (rather than considering all diagrams of the given weights). Here
we, however, decided to study the more special case because we Lnd it of particular
interest and our results on the “size” of cocompletions (which is the main contribution
of our paper) would become more technical in the enriched setting.
The monograph [7] of Kelly presents a systematic study of cocompletions in the
enriched context. The case of free C-cocompletion is handled quite generally, however
for free F-conservative C-cocompletions he only takes small categories (and F ⊆ C)
which allows a construction within a given universe.
2. Preliminaries
We distinguish, as usual, between small and large categories, not assuming local
smallness of the latter in general. Besides small and large sets we are using a third
universe (“conglomerates”) for technical purposes: one of our main results is that
conglomerates are only used in proofs, not in the statements of main results. Formally,
we assume that three Grothendieck universes have been chosen:
110 J. Velebil, J. Ad)amek / Journal of Pure and Applied Algebra 168 (2002) 107–124
U0—the universe of small sets,
U1—the universe of large sets,
U2—the universe of conglomerates,
with U0 ∈ U1 and U1 ∈ U2.
A category X (or, more formally, a U1-category) is, then, given by a large set
obj (X) ∈ U1 of objects and, for every pair of objects A; B, by a large set X(A; B)
of morphisms with the usual axioms. When working with “categories” that do not
fulLl these set-theoretical assumptions we call them quasicategories. A quasicategory
equivalent to a category is called legitimate. Examples:
Set, the (locally small) category of all small sets and mappings;
SET, the quasicategory of all large sets and mappings; note that its set of objects
is an element of U2.
Thus, our terminology is essentially the same as that of [1]; one exception is that every
small set is an example of a large set—we call a large set properly large if it is not
small.
We work with the following presheaf quasicategories
[Xop;Set]; [Xop;SET],
below, the Lrst one is legitimate iS X is equivalent to a small category [3].
Categories (and quasicategories) with limits of all small diagrams are called com-
plete, dually: cocomplete.
We distinguish below between small ordinals (in the universe U0) and large ordinals
(in the universe U1).
Due to our deLnition of a category, the Yoneda embedding is at hand for any
category: it has the form
YX :X→ [Xop;SET]
and in case when X is a locally small category we have the Yoneda embedding
(denoted by the same symbol)
YX :X→ [Xop;Set]:
Suppose that a set F of small categories is given:
(1) A (quasi)category X is said to be F-cocomplete if it has F-colimits, i.e., if for
any D ∈ F and any diagram D :D → X a colimit of D exists in X. If F = All
(all small categories) we say (as usual) just cocomplete.
(2) A functor H :X→ Y is said to be F-cocontinuous provided that it preserves any
existing colimit of a diagram D :D → X with D ∈ F. If F = All, we say just
cocontinuous.
Dually, an F-complete (quasi)category and a F-continuous functor. We denote by Fop
the set of all categories Dop with D ∈ F.
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For a category A we denote by
[A;SET]F the full subquasicategory of the presheaf quasicategory [A;SET] hav-
ing as objects all functors F :A → SET which preserve F-limits. Analogously
[A;Set]F provided that A is locally small.
3. F-reachable functors
In this section we introduce the notion of an F-reachable functor. The quasicat-
egory of all F-reachable functors on a category X is a canonical choice of a free
F-conservative cocompletion of X in the following sense:
Denition 2. Suppose F is a set of small categories and let X be any category. A
free F-conservative cocompletion of X is a full and faithful F-cocontinuous functor
E :X→ X∗ with X∗ cocomplete such that E has the following universal property:
for every cocomplete category Y and for every F-cocontinuous functor H :X→
Y there exists a unique (up to a natural isomorphism) cocontinuous functor
H∗ :X→ Y which satisLes the equation H∗ · E = H .
In Theorem 6:23 of [7] it is proved (in a more general setting of enriched cate-
gories) that a free F-conservative cocompletion exists for any category. We sketch the
construction here.
Construction 3. Suppose X is a category.
(1) Form the quasicategories [Xop;SET] and [Xop;SET]Fop . The inclusion functor
[Xop;SET]Fop → [Xop;SET]
has a left adjoint. In fact, when working in the universe U2; X is a small category
and SET is the category of small sets, thus, the reTectivity of [Xop;SET]Fop in
[Xop;SET] has been established by Lambek [8].
Hence [Xop;SET]Fop has all small colimits.
(2) The Yoneda embedding YX :X→ [Xop;SET] can be restricted to a full embedding
IX :X→ [Xop;SET]Fop , since every hom-functor preserves all limits.
(3) DeLne ReachF(X) to be the closure of IX[X] in [Xop;SET]Fop under small colimits
and denote by E :X→ ReachF(X) the codomain restriction of IX. Call the objects
of ReachF(X) F-reachable functors.
Since taking a closure under small colimits can be performed via a transLnite
construction through small ordinals, one can prove that ReachF(X) is a legitimate
category indeed—see [7], Section 3:5.
Corollary 4. Every category X has a free F-conservative cocompletion. It can be
described as the inclusion functor X→ ReachF(X).
If F is the empty set, then the objects of ReachF(X) are the “accessible functors” of
[7]. Since we believe that the meaning of “accessible functor” is by now established
from the theory of accessible categories for functors which preserve Lltered colimits
[9, DeLnition 2:4:1], we use a diSerent name.
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Remark 5. It will be useful later to have an explicit description of a category XF
which is equivalent to ReachF(X):
XF is constructed explicitly as a colimit of the following transLnite chain of full
embeddings E; :X → X (where ¿  are small ordinals):
DeLne X0 = IX[X]. Note that due to the Yoneda lemma X0 is indeed a category.
Suppose that ¿ 0 is an ordinal number and that for all ¡ the categories X
have been deLned. For a successor ordinal  = + 1, the category X is going to be
a full subcategory of [Xop;SET]Fop determined by all X-objects and chosen colimits
FD for all functors D :D→ X with D a small category, which do not factor through
any X for ¡.
For a limit ordinal , put X to be the union of all X’s for ¡.
In both cases, the full embeddings E; :X → X are deLned in the obvious way.
The above description allows us to deLne, for each XF-object F , the rank of
F—denoted by rank (F)—to be the smallest ordinal  such that F lies in A. It
is clear that rank (F) is either 0 or a successor ordinal.
So far we know that if we start with a locally small category X, then ReachF(X) is
going to be a legitimate category. A crucial point in investigating local smallness
of ReachF(X) is a better understanding of a left adjoint to the inclusion functor
[Xop;SET]Fop → [Xop;SET]. This adjoint can be found constructively by a transL-
nite construction, see 7 below. This construction is best understood in terms of limit
sketches.
Recall that a (small) limit sketch is a triple S = 〈A;L; 〉 consisting of a small
category A, a small set L of small diagrams in A, and a function  assigning to
every diagram D∈L a cone (D) inA. The (locally small) category of models of S,
Mod(S;Set)
is then the full subcategory of [A;Set] on functors F turning each cone (D) into a
limit cone of FD in Set.
We can introduce quite analogously a large limit sketch as a triple S = 〈A;L; 〉
consisting of a category A, a large set L of small diagrams in A, and a cone-assigning
function . The quasicategory of models in SET,
Mod(S;SET)
is the quasicategory of all functors F :A→ SET turning each cone (D) into a limit
cone of FD in SET and all natural transformations.
Example 6. For a set F of small categories and a category X, one can consider the
following limit sketch:
S= 〈A;L; 〉;
where A = Xop; L is the large set of all diagrams D :Dop → A with D ∈ F which
have a limit in A and  is a function assigning to each D ∈ L a limit cone in A.
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Then Mod(S;SET) is equivalent to [Xop;SET]Fop .
Orthogonal re)ection construction 7. For every large limit sketch S the category Mod
(S;SET) is reTective in [A;SET].
A reTection FS of a functor F :A → SET in Mod(S;SET) can be obtained by
the following transLnite construction, which follows the general scheme presented in
[4, Satz 8:5] (see also [6]); here again we work in the universe U2 in which S is a
(small) sketch. This means, of course, that our transLnite induction is performed over
large ordinals (i.e., ordinals in SET).
Let L = {D(i) | i ∈ I} and (D(i)) = ( (i)d :C(i) → D(i)d). We deLne FS :A → SET
by constructing, for every object X in A, the large set FSX as a transLnite colimit
FSX = colim

FS X;
where  ranges through all large ordinals, and where large sets FS X and mappings
p; :FS X → FS (6 ) are deLned by the following induction:
• FS0 X = FX .
• Having deLned FS X , we form a limit of FS D(i) in SET with projections
l(i)d : lim F
S
 D
(i) → FS D(i)d
and put
FS+1X =

FS X +∐
i∈I
∐
a∈lim FS D(i)
A(C(i); X )

/ ∼;
where ∼ is the least congruence which merges the A-morphism r ·  (i)d :C(i) → X
in the (i; a)th component of∐
i∈I
∐
a∈lim FS D(i)
A(C(i); X )
with the element FS r · l(i)d (a) of FS X . The morphism p;+1 :FS X → FS+1 is
deLned in the obvious way.
• If  is a limit ordinal and all values FS X for ¡ have been deLned, put FS X
to be a colimit of
(p; :FS X → FS X | 6 ¡)
and p; for ¡ be the colimit morphisms.
As proved in [4], each of the chains FS X is stationary, thus it has a colimit in SET.
Therefore, we can form a colimit
FS = colim

FS
in the category [A;SET] and p0 :F → FS is a reTection of F to Mod(S,SET).
If L is small and A is a locally small category, then the above construction provides
us with a Set-valued reTection of F to Mod(S,SET).
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4. Local smallness
Although we have proved that ReachF(X) is always a category, it need not be locally
small for a locally small category X—see Example 1. We devote this section to the
problem of local smallness of a free F-conservative cocompletion.
Lemma 8. For a locally small category X the following are equivalent:
1. The category ReachF(X) is locally small.
2. Each F-reachable functor F :Xop → SET is Set-valued.
Proof. By the Yoneda lemma and the deLnition of ReachF(X), there is a bijection
ReachF(X)(X( ; X ); G) ∼= GX (1)
for each X-object X and each F-reachable functor G.
The proof of 1⇒ 2 follows immediately from Eq. (1). To prove 2⇒ 1 it suOces to
show that ReachF(X)(F;G) is a small set. This follows by an easy transLnite induction
on rank(F) — see Remark 5 for deLnition.
The above necessary and suOcient condition for local smallness of ReachF(X) is
not useful for practical purposes. We are going to formulate a suOcient condition for
local smallness of ReachF(X) which can be easily veriLed.
Given a locally small category X, we are going to work with all diagrams, colimits
of which are to be preserved by an F-conservative cocompletion, i.e., all diagrams
D :D→ X; D ∈ F;
which have a colimit in X. We can clearly ignore all diagrams which have an absolute
colimit, i.e., a colimit of which is preserved by any functor. All other colimit cocones
are called nonabsolute F-colimits.
Denition 9. A category X is F-locally small, provided it is locally small and, for
every object X , there is only a small set of morphisms from X to a nonabsolute
F-colimit in X.
Example 10. (1) Every small category is All-locally small, where All consists of all
small categories. Also, every large discrete category is All-locally small.
(2) Suppose that F = binary coproducts. Then for a category X with binary coprod-
ucts which is not a preordered class the following are equivalent:
1. X is F-locally small.
2. X is small.
(In fact, given an object A with two distinct parallel morphisms having the domain
A, then all the coproducts, A+ are nonabsolute colimits.) Thus, F-local smallness is
more typically a property of categories not having “many” F-colimits.
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Theorem 11. Any F-locally small category has a locally small free F-conservative
cocompletion.
Proof. By Lemma 8 it suOces to prove that each functor in the category XF from Con-
struction 3 is Set-valued. To prove this, it suOces to show that each functor F :Xop →
Set has a Set-valued reTection Fˆ to [Xop;SET]Fop . Indeed, if this is known, then con-
sider any F-reachable functor F .
• If rank(F)=0, then F=X( ; X ) for some X and this is a Set-valued functor, since
we assume that X is F-locally small.
• If rank(F)=+1, then F=colimi Fi. DeLne G to be a colimit of Fi’s in [Xop;SET]
and let Gˆ be a reTection of G to [Xop;SET]Fop . Since G is a Set-valued functor, so
is Gˆ, by assumption. But Gˆ ∼= F and F is therefore a Set-valued functor.
Hence, we are going to show that each functor F :Xop → Set has a Set-valued reTec-
tion Fˆ to [Xop;SET]Fop .
Denote by X[F] the large limit sketch on Xop which has the large set of all nonab-
solute limit cones of Fop-diagrams as distinguished cones.
For each X-object X denote by X[F](X ) the limit sketch obtained from X[F] by
deleting those distinguished cones ' for which there exists no morphism in Xop from
the vertex of ' to X .
Form FX[F]X and FX[F](X )X as in 7. We know that FˆX ∼= FX[F]X and we also
know that FX[F](X )X is a small set, because we assume that X is F-locally small and
therefore the sketch X[F](X ) has a small set of distinguished cones. We will prove
that FX[F]X ∼= FX[F](X )X .
Let I denote the large set of distinguished cones in X[F] and let L(X ) be the small
set of distinguished cones in X[F](X ). Recall the notation of 7. We prove that the
identity
FX[F] X = F
X[F](X )
 X
holds for all large ordinals .
• If = 0, both FX[F]0 X and FX[F](X )0 X are equal to FX .
• Suppose that FX[F] X = FX[F](X ) X .
By assumption, for each i ∈ I \ L(X ), the set X(X; C(i)) is empty. Therefore,∐
i∈I
∐
a∈lim FS D(i)
X(X; C(i)) =
∐
i∈L(X )
∐
a∈lim FS D(i)
X(X; C(i))
and hence the equality FX[F]+1 X = F
X[F](X )
+1 X holds.
Remark 12. Every small category is F-locally small. Hence a free F-conservative co-
completion X∗ of a small category X is always locally small. The category X∗ is
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small precisely when X is a preorder, since by a well-known argument a cocomplete
small category is necessarily a preordered set.
We can combine F-conservativeness and C-cocompletion for any sets F and C of
small categories.
Denition 13. Let F and C be sets of small categories. By a free F-conservative
C-cocompletion of a category X we mean a full embedding
E :X→ X∗
into a C-cocomplete category which preserves existing F-colimits and which has the
following universal property:
Any F-cocontinuous functor H :X → Y into a C-cocomplete category Y has an
extension into a C-cocontinuous functor H∗ :X∗ → Y which is unique up to a
natural isomorphism.
We can use our previous results to establish the existence of a free F-conservative
C-cocompletion for any category X.
Theorem 14. Every category X has a free F-conservative C-cocompletion. It is a
locally small category if X is F-locally small.
Proof. Let X∗ denote the closure of hom-functors in ReachF(X) under C-colimits. It is
easy to show that X∗ is a free F-conservative C-cocompletion of X. Since ReachF(X)
is legitimate, so is X∗.
Moreover, X∗ is a locally small category if X is F-locally small.
A related topic is the following question: is a free F-conservative C-cocompletion
of a small category always small?
The answer is, of course, aOrmative whenever C is a small set. More generally,
suppose that C is contained in the saturation of a small set C0, i.e., suppose that
every C0-cocomplete category is C-cocomplete, and every C0-cocontinuous functor is
C-cocontinuous. Then a free F-conservative C-cocompletion of a small category is
small. Even for F= ∅ this condition is not necessary:
Example 15. A large set C of small categories such that
(a) every small category has a small free C-cocompletion although
(b) C is not contained in a saturation of a small set.
For every cardinal  denote by D the poset of all subsets M ⊆  with card(\M)¡,
ordered by dual inclusion (M 6 M ′ in D iS M ′ ⊆ M). We claim that
C= {D |  is a small cardinal number}
satisLes (a) and (b).
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Ad (a): Given a category X with less than  objects, we will show that every diagram
D :D → X has a coLnal constant diagram. It then follows that a free C-cocompletion
of X is equal to a free {D |¡}-cocompletion. In fact, for every object X of X
denote by SX the set of all elements of D mapped by D to X , then we are to show
that some SX is coLnal in X. Suppose the contrary, then for each object X there
exists MX in D such that MX contains no element of SX . Observe that D is closed
under intersections of less than  members, thus,
M =
⋂
X∈obj(X)
MX
lies in D. Consequently, M ∈ SX for some X , and we have M ⊆ MX—a contradiction.
Ad (b): Let C0 be a small set of categories, and let  be a small cardinal larger
than the size of any of those categories. We prove that the poset D, considered as a
category, has C0-colimits but not C-colimits. The former follows from the closedness
of D under intersections of less than  members. To prove the latter, observe that
1D :D → D has no cocone.
Remark 16. The case when F ⊆ C has, for a small category X, been considered by
Kelly [7]. We suggest the name “idempotent F-cocompletion” for the case F= C.
Example 17. By a special choice of C and F we can recover familiar cocompletions:
(1) Choose C to contain all small categories, F= ∅. Then a free C-cocompletion of a
category X is a free cocompletion of X w.r.t. all small colimits.
In case X is small this cocompletion is equivalent to the category of presheaves
[Xop;Set] (see [8]). In fact, it is proved in [3] that the category [Xop;Set] is
(equivalent to) a locally small category iS X is (equivalent to) a small category.
In case X is locally small but not small, a free cocompletion w.r.t. small colimits
is equivalent to the category of all accessible functors deLned in [7, Section 4:9].
Such a cocompletion is a locally small category.
(2) Choose C to consist of all +-Lltered small categories (+ is a Lxed small regu-
lar cardinal), let F = ∅. Then a free C-cocompletion of a category X is a free
cocompletion of X w.r.t. +-8ltered colimits.
This cocompletion is (equivalent to) the+-accessible category Flat+(X) of all small
+-Tat functors from Xop to Set. Thus, the case +=ℵ0 is the well-known inductive
cocompletion Ind(X) studied in Expose I of [2]; see also [5], where a diSerent
description of this cocompletion is given. Since F is empty, F-local smallness of
X coincides with local smallness of X.
(3) Choose C to consist of all small categories, let F consist of all categories hav-
ing less than + morphisms (+ is a Lxed small regular cardinal). Then a free
F-conservative C-cocompletion of a small category X is equivalent to the locally
+-presentable category Cont+(X) consisting of all presheaves on a +-cocomplete
category X which preserve +-small limits.
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Each locally + -presentable category is equivalent to a category of the form Cont+(X)
for a small +-cocomplete category X, see [4].
F-local smallness is, of course, not necessary for local smallness of a cocompletion as
the following example demonstrates. It is an open problem whether a usable necessary
and suOcient condition can be formulated.
Example 18. Let F consist of all small Lltered categories. Consider a poset X deLned
on distinct points x0; xi ; x
, where i ¿ 1 is a natural number and  is an ordinal
number in U0 (the universe of small sets).
DeLne a partial order in such a way that x0; x1 ; x

2 ; : : : form an increasing chain with
supremum x and elements of diSerent chains are incomparable.
Clearly, X has all F-colimits. Therefore an idempotent F-cocompletion of X is X
itself. However, there is a properly large set of morphisms from x0 to vertices of
Lltered colimit cocones in X. Hence X is not F-locally small.
In the rest of this section we prove that, except for trivial cases, there always ex-
ists a locally small category which does not have a locally small free F-conservative
cocompletion.
Denition 19. A small category A is called simple if colimits over A are always
absolute.
Lemma 20. For a small nonempty category A the following are equivalent:
1. A is simple.
2. The identity functor 1A :A→A has a cocone.
3. There exists an idempotent f :K → K in A such that; for each object A; the set
A(A; K) is nonempty and f coequalizes all of its elements.
If the above conditions hold; then an (absolute) colimit of a diagram D :A → X
exists precisely when the idempotent Df splits in X.
Proof. Condition 1⇒ 2. Suppose that the identity functor 1A :A→A does not have
a cocone. DeLne a category X by adding a formal terminal object S to A. Let Y
be a category containing X as a full subcategory and having a new object S ′ which
is a formal terminal object of Y. Especially, Y(S ′; S) is empty. Let D :A → X and
F :X→ Y denote the obvious inclusion functors. Then S is a colimit of D in X and
this colimit is not preserved by F , hence A cannot be a simple category.
2⇒ 3: Denote by (fA :A→ K) a cocone on 1A. Then A(A; K) is a nonempty set
for each A. If we put f = fK :K → K , it is easy to verify that f is an idempotent in
A which coequalizes the set A(A; K) for any A-object A.
3⇒ 1: DeLne, for any object A, the morphism fA :A→ K to be the common value
of f · h for h :A → K . It is easy to verify that this yields a cocone of the identity
functor on A. Suppose that a diagram D :A→ X has a colimit cocone (cA :DA→ C)
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and let F :X → Y be an arbitrary functor. Since (DfA) is a cocone of D, there is
unique morphism s such that the triangles
commute for all A. Put r = cK :DK → C. It is easy to prove that Df is split by r
and s.
Let (mA :FDA→ Y ) be a cocone of FD in Y. DeLne m :FC → Y to be Fs :FC →
FDK followed by mK :FDK → Y . It is easy to prove that m is a unique morphism
such that the triangles
commute for all A. Thus, a colimit of D :A→ X is absolute.
The last assertion of the lemma follows from the above proof of 3⇒ 1:
We now show that one can “almost always” Lnd a locally small category whose
free F-conservative cocompletion is not locally small.
Theorem 21. Let F be a set of small categories. Suppose that F contains a nonempty
category which is not simple. Then there exists a locally small category which does
not have a locally small free F-conservative cocompletion.
Proof. (A) We can assume that all nonempty categories in F are connected. In fact,
suppose not, then F-colimits include Lnite coproducts. And Trnkov&a found a locally
small category X such that any full embedding E :X → Y which preserves Lnite
coproducts and Y has Lnite coproducts fulLlls: Y is not locally small (see Example
III.1 in [10]).
Thus, assuming that F contains a nonempty category A which is not simple, we
are going to Lnd a locally small category E (see Fig. 1) whose free F-conservative
cocompletion is not locally small. Since A is small, we can assume without loss of
generality that A is a (nonfull) subcategory of the category Set. Let us denote by Ord
the large set of all small ordinals, and put Ord∗ = Ord ∪ {∞}, where ∞ ∈ Ord.
(B) DeLnition of E.
Objects of E are
• The sets Ai = A× {i}, where i ∈ Ord∗ and A is an object of A.
• The set S = {0}.
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Fig. 1. The category E.
Morphisms of E are
• The mappings fi=f×1{i} :Ai → Bi, where i ∈ Ord∗ and f :A→ B is a morphism
in A.
• The constant mappings tAi :Ai → S for each i =∞ and each A in A.
• The mappings cAi = 1A × (i → ∞) :Ai → A∞ for each i ∈ Ord and each A in A.
Denote, for i ∈ Ord∗, by Ai the full subcategory of all Ai (A in A). Observe that,
for each i ∈ Ord, the embedding Ai → E has a colimit cocone (tAi :Ai → S), because
by assumption A is simple (thus has no cocone of itself—see Lemma 20).
We would like to show that a free F-conservative cocompletion E∗ of E is not
locally small by the following argument:
If (kA∞ :A∞ → K) is a colimit cocone of A∞ in E∗, then the conservation
of S = colimAi for each i ∈ Ord forces a unique morphism mi : S → K with
mi · tiA = k∞B · ciB and we are to show that the latter morphisms are pairwise
distinct—see Fig. 2.
We prove this below. For that sake we now construct the following auxilliary cate-
gories.
(C) Recall that A is a category of small sets and mappings. For a Lxed small ordinal
+, we construct a category E+ of sets and mappings as follows:
Objects are:
• The sets XAi = A× {i} where i ∈ Ord and A is an object of A.
• The sets XA∞ = A× {+;∞} for each A in A.
• The sets XS = {0} and S∗ = S × {+;∞}.
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Fig. 2. The category E∗.
Morphisms are:
• The mappings Xfi = f × 1{i} : XAi → XBi for each i ∈ Ord and f :A→ B in A.
• The mappings Xf∞ = f × 1{+;∞} : XA∞ → XB∞ for each f :A→ B in A.
• For i =∞, the constant mappings Xt Ai : XA
i → XS.
• The mapping Xt A∞ = tAi × 1{+;∞} : XA∞ → S∗.
• For i ∈ {+;∞}, the mappings XcAi = 1A × {i → ∞} : XAi → XA∞.
• The embedding XcA+ : XA+ → XA∞.
• For i ∈ {+;∞} the mappings 2i : XS → S∗ sending 0 to the pair (0;∞).
• The mapping 2+ : XS → S∗ sending 0 to (0; +).
It is clear that E+ is a locally small category—see Fig. 3.
(D) The canonical embedding
H+ :E→ E+ Ai → XAi and S → XS
preserves F-colimits.
In fact, suppose that D is a member of F and D :D → E is a functor which has
a colimit. Denote by ( Xkd : XDd → XX ) the image of a colimit cocone (kd :Dd → X ) of
D in E under the functor H+ :E→ E+. Consider an arbitrary cocone (ad : XDd→ Y ) in
E+. We are going to Lnd a unique morphism u : XX → Y such that the triangles
commute for all d.
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Fig. 3. The category E+.
Recall that by our assumption (A) above the category D is connected. We distinguish
the following possibilities:
(a) Dd = S for all d in D.
(b) Dd0 = S for some d0 in D.
In case (a), if Y is of the form H+(Z) for some Z , there is nothing to prove, since
X is a colimit of D in E1. Suppose therefore that Y = S∗.
Since D is a connected category, it cannot be the case that, for some d and d′, the
object Dd is in A+ and Dd′ is in Ai for i ∈ Ord, i = +: if it were the case, then XDd
and XDd′ would have to be connected by a zig-zag necessarily passing through XA∞
and (ad : XDd→ S∗) would not be a cocone.
Therefore only one of the following may be the case:
(a1) Each XDd (d in D) is in XA+ or XA∞.
In this case, each morphism ad factors uniquely through Xt
Dd
∞ and the unique
mediating morphism u : XX → S∗ is either 2+ : XS → S∗ in case X = S, or XtX∞ : XX →
S∗ in case when X is in A∞ or Xt
X
∞ · XcX+ : XX → S∗ in case when X is in A+.
(a2) Each XDd (d in D) is in XAi, for i = +.
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In this case, each morphism ad factors uniquely through Xt
Dd
∞ and the unique
mediating morphism u : XX → S∗ is either 2i : XS → S∗ in case X = S, or XtX∞ : XX →
S∗ in case when X is in A∞ or Xt
X
∞ · XcXi : XX → S∗ in case when X is in Ai.
In case (b), let M be the set of all objects d of D with the property Dd=S; choose
a Lxed d0 in M . Then necessarily X = S. The vertex Y of the cocone can either be XS
or S∗ due to the construction of the category E+. If Y = XS, there is nothing to prove.
Suppose therefore that Y = S∗.
There are two possibilities:
(b1) The morphism ad0 : XS → S∗ is 2+.
It is clear that the morphisms ad : XS → S∗ are equal to 2+ for all d ∈ M ,
otherwise ad : XDd→ S∗ would not be a cocone. The unique mediating morphism
u : XS → S∗ is 2+.
(b2) The morphism ad0 : S → S∗ is 2i for i = +.
It is clear that the morphisms ad : XS → S∗ are equal to 2i for all d ∈ M , otherwise
ad : XDd→ S∗ would not be a cocone. The unique mediating morphism u : XS → S∗
is 2i.
(E) The proof of mi = mj (for i = j) in (B) above is now simple: let E+ :E+ →
E∗+ be a free F-conservative cocompletion of E+, then the functor E+H+ :E → E∗+ is
F-conservative (see (D)) and E∗+ is cocomplete. Thus E+H+ factors through E, and
since for each i = + we have 2i = 2+ in E+, it follows that mi = m+ in the category
E∗.
We can now characterize those sets F for which every locally small category has a
locally small free F-conservative cocompletion.
Corollary 22. Let F be a set of small categories. Then the following are equivalent:
1. Every locally small category has a locally small free F-conservative cocompletion.
2. All nonempty members of F are simple categories.
Proof. By Theorem 21 it suOces to prove that 2⇒ 1:
Suppose Lrst that all categories in F are simple and let X be a locally small category.
A free cocompletion of a locally small category is well known to be locally small (see
e.g. [7, Theorem 5:35]) and it is F-conservative since (existing) F-colimits are absolute.
Next, if F contains, besides simple categories, also the empty category, then a free
F-conservative cocompletion of a category is precisely its free (initial-object)-conserva
tive cocompletion. Since every locally small category is {∅}-locally small, the result
follows by applying Theorem 11.
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